Abstract-Performance modeling of the contention-based reservation protocol in GPRS/EGPRS under bursty traffic is practically useful in system design. Instead of using discrete event simulation, in this paper we construct an analytical model based on stochastic Petri net formalism to efficiently investigate GPRS uplink performance. The model is built to capture the major features of a realistic system, taking into account factors such as the traffic profile, the system's capture capability, the contention persistence, the multi-slot capability, and the use of access queue (AQ) and the round-robin virtual serving queue (SQ). As shown in numerical results, these factors have different impacts on the performance measures, such as link control layer frame blocking probability, frame delay, system throughput and packet channel utilization. To avoid modeling and computational complexity in modeling a GPRS/EGPRS system supporting a fair number of mobile terminals, we make first-order approximations and use an iterative fixed point scheme. Comparisons with discrete event simulations are conducted and show promising agreement with the proposed analytical-numerical model. We then use the model to investigate GPRS packet data performance under different parameter settings and present numerical results, which provide insights into network design and optimization.
multiplexing capability are mainly studied with discrete event simulations (DES) ( [2] , [3] , [5] , [17] , [20] ). In this paper, we develop analytical models that are numerically solvable to study the performance of uplink multiplexing in GPRS. The motivation of using analytical-numerical models is based on the observation that for systems with a high degree of complexity, simulations tend to require long run times to achieve tight confidence intervals while numerical analyses of analytical models built on appropriate assumptions are more likely to be able to provide quick results with reasonable accuracy. The shortcoming that analytical models may not be as faithful to the real system as simulation models can be overcome by incorporating a certain degree of fidelity of the real system while still keeping the model numerically tractable.
In this paper, we propose a model that is able to take into account of the main features of GPRS specified in the ETSI standard ([11] - [14] ). Our model is based on a stochastic Petri net formalism called stochastic reward nets (SRN) [4] , which is able to simplify the model specification significantly. With existing SRN tools (such as the Stochastic Petri Net Package [8] ), we are able to numerically solve the models in an automated fashion. A GPRS/GSM service area in practice tends to support a fair number of active mobiles simultaneously. It is thus important to incorporate the user population into the model. This in turn may drastically increase the complexity of the model. Hence we resort to a fixed point iteration approach [7] to alleviate the computational burden by assuming homogeneity among all mobile stations (MS).
Recently, there has been some research effort in using analytical models to study GPRS performance. For example, Foh et.al. in [10] studied GPRS data performance by simplifying the system as a single server queue with traffic modeled as Markov Modulated Poisson Process (MMPP). The model was evaluated by matrix geometric methods. What differs the modeling in this paper from others is the following.
1) The model presented in this paper is comprehensive in that it captures the major features of a practical GPRS/GSM system. The proposed model studies a system with a finite number of users. It not only takes into account the individual behavior of mobile stations, but also the system level behavior. (See Section III for a detailed description of the model.)
a) The model of the individual mobile station takes into account (I) the arrival of bursty data traffic on 0000-0000/00$00.00 c 2003 IEEE the link control layer, (II) the distribution of link layer frame in terms of physical layer bursts by segmentation, (III) the limited buffer of a mobile, etc. b) On the system level, the important GPRS characteristics accounted for by the model are: (I) the capture capability in the slotted-ALOHA based random access for reservation in GPRS ( [2] , [3] , [18] ), (III) the use of an access queue in the reservation mechanism ( [12] , [13] , [14] ), and (III) the use of a virtual serving queue (SQ) in serving packet data flows following a discrete version of weighted round-robin scheduling policy ( [5] , [22] ). The SRN-based fixed point approach provide us an effective way to conduct performance evaluation on both levels. To the best of our knowledge, this is the first attempt to capture all the above factors in one model for GPRS and it is also the first attempt to study the existence of AQ and SQ in GPRS with analytical modeling.
2) The model we present in this paper is also extensible.
The stochastic Petri net formalism and the presence of its automated tools lend us a high level of modeling semantics that allows us to extend our model with great ease even faced with "structural" changes. For instance, the traffic model used in this paper is a two-state MMPP, but it would be a simple practice to extend it to an n(> 2)-state MMPP model (should such upgrade become necessary). The emphasis of this paper is on packet data performance in GPRS/EGPRS, but the model can be extended with ease to account for circuit-switched voice, as discussed in III-A. Here is how the paper is organized. In Section II, we give a brief overview of GPRS basics that are relevant to the modeling. In Section III, we formulate the problem by introducing (I) the radio resource model, (II) the model of traffic generated by a mobile station, and (III) the capture model used in this paper. In Section IV, we present the SRN-based analytical performance model of GPRS uplink and describe the fixed point iteration approach. We then derive the expressions for the performance indices in Section V. We outline the iterative computational procedure in Section VI. Numerical results and discussion are presented in Section VII. The paper is concluded in Section VIII.
II. GPRS BASICS
GPRS supports applications based on IP and X.25. The segmentation from application layer data to physical layer bursts is illustrated in Fig. 1 . The application layer data is first segmented into packets on network layer (for example IP packets). Such a network packet data unit (PDU) is then split into one or more Logical Link Control (LLC) frames. LLC frames are further segmented into Radio Link Control (RLC) blocks, each of which is transmitted in four bursts in consecutive TDMA frames.
GPRS follows the same structure of time slot and frame as in GSM. GSM uses a combination of frequency-and time-division multiple access (FD/TDMA) on the physical layer. Uplink and downlink have different frequency bands assigned by the International Telecommunication Union (ITU). The frequency bands are first divided into frequency carriers. One uplink and one downlink carrier frequency are normally assigned to one base station, thus enabling simultaneous transmission in both directions. Each carrier is further divided into 8 time slots (bursts) forming one GSM frame, which lasts 4.615 ms ( [2] , [3] ).
A packet data channel (PDCH) is a physical channel dedicated for data transmission. Allocation of PDCHs is taken from the common pool of available channels in a cell and is again based on demand to ensure flexible adaptation to different traffic conditions. Mapping from physical channels to either conventional GSM circuit channels or GPRS data channels is performed dynamically. Under light GSM traffic conditions, the system can allocate more PDCHs to improve GPRS delivery; while upon a service request of higher priority, these data channels can be de-allocated. This provides the system operator the opportunity to balance service demands and increase resource utilization.
To start uplink data transfer from an MS to the base station, the MS first establishes a so-called temporary block flow (TBF), for which a certain number of channels are allocated. With the multi-slot capability in the GPRS system, more than one channel may be assigned to a TBF enabling the MS to use several physical channels in parallel to achieve high throughput. Normally, the TBF is terminated when buffered data is sent. The procedure of establishing a TBF is outlined as follows. (For a detailed description, please refer to [12] , [13] , [14] .)
The GPRS uplink access uses a kind of Slotted-ALOHA reservation protocol. If there is no TBF established, an MS having data to send will first contend on the random access channel (termed as PRACH in GPRS) by sending a channel request message in which the number of channels required is indicated. If the contention is successful, the MS will receive either an acknowledgment of channel assignment if the required number of channels is available immediately or a queueing notification indicating that an access token is assigned for the MS without immediate channel assignment. The access token enters the access queue (AQ) maintained on the BSS in a First-Come-First-Serve (FCFS) fashion. Upon receiving a queueing notification, the MS will stop contending and wait until the access token moves forward to the top of the AQ and get "service", i.e., TBF is established when demanded radio resource becomes available. It is expected that by sending queueing notification, unnecessary contentions are avoided. If the contention is unsuccessful (indicating the occurrence of collision if capture is not implemented or the signal sent by the MS is not strong enough to be captured), then a random back-off scheme is applied (see [13] ). Now let us turn to how requests (tokens) accepted to AQ are served by the BSS. The tokens in AQ are served (i.e., to establish TBFs) after they are moved to a round-robin (RR) serving queue (SQ). A natural choice of a round for the SQ would be one GSM frame. Since there are only a limited number of time slots available for GPRS packet data service ...
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Fig. 1. GPRS segmentation and coding
in one GSM frame, it is possible that the requested numbers of channels by requests in AQ exceed the available channels.
In such a case, no tokens in AQ are allowed to enter SQ and the remaining unused channels are wasted. To illustrate, let us use an example -a BSS has 7 channels (i.e., 7 time slots in one GSM frame) in total dedicated to GPRS data, out of which 4 channels are currently occupied by ongoing TBFs. Suppose also now all the requests in AQ require 4 channels. The BSS will not allow any of these requests to enter SQ since there are only 3(< 4) idle channels left. The remaining 3 channels will keep being idle. This is undesirable because the most precious radio resource is not fully utilized. To improve system utilization, Taaghol et.al. in [22] and Calin et.al. in [5] suggested to use a virtual serving queue. The basic idea is to define a round longer than a GSM frame. As for the previous example, a round may now consists of 12 time slots and a request for 4 channels in AQ is now allowed to enter SQ. With virtual SQ, TBFs (indicated by tokens in SQ) may be served in multiple consecutive GSM frames. Consequently, the BSS uses the virtual SQ as a means to serve the TBFs with a discrete version of weighted round-robin (WRR) scheduling policy. The weights are the numbers of requested channels by the TBFs being served. Although mobile stations are allowed to request for different numbers of channels, to simplify the modeling, we assume that all mobile stations have the same request throughout this paper and treat the requested number of channels as a system level parameter (r) that applies to every mobile station. We assume that the maximum number of TBFs that the SQ supports is N MS .
III. THE MODEL We formulate the problem in this section. Consider a GPRS/GSM subsystem consisting of one base station system (BSS) and N statistically identical MSs. Each MS has a finite buffer that can hold W bursts. Fig. 2 depicts a conceptual diagram of an MS. LLC frames arriving at the waiting buffer may be blocked if the remaining buffer size is less than the frame size. If the buffer has enough room, all bursts comprising the LLC frame will enter the buffer. These bursts will be transfered through a TBF after a successful contention. The system under study operates on a discrete-time basis because of the time-slotted nature. However, based on the observation that the duration of a GSM frame is relatively small in comparison to parameters and measures of interests such as mobile traffic on/off periods, LLC frame delay, etc., we attempt to use a continuous-time model to approximate. We use one GSM frame as the basic time unit throughout this paper. Along with this continuous-time approximation, further approximations are used in the fixed pointed iterations. In this sense, our model is an approximate model. This is a tradeoff we need to make in seeking the balance between model fidelity and tractability. To ensure accuracy, the model will be checked with discrete-event simulations. In the simulations, the slotted time and discrete nature are strictly preserved.
We now develop our model in a modular fashion by first discussing various sub-models and then connecting the sub-models together.
A. The radio resource model
We consider the system with C(normally 8) uplink channels in one GSM frame. Let C C be the number of channels dedicated to traditional GSM circuit-switched service and C P be the number of packet channels (PDCHs) for GPRS. The rest (C − C C − C P ) of the channels are shared by both circuitand packet-switched services. The circuit-switched services are assumed to have higher priority over GPRS. If the duration of a TBF is significantly shorter than a voice call, the chance of preempting GPRS channels is negligible. This may allow us to decouple the circuit-and packet-switched services and study each service individually. We may use, for example, the wireless loss formulae in [16] to study the channel behavior under GSM voice service. Since the focus of this paper is on GPRS data performance, we assume that the system has a fixed number of PDCHs, c (C P ≤ c ≤ C − C C ).
B. The traffic model
The uplink data traffic generated on an MS is bursty in nature. We use a two level traffic model to take burstiness into account. to model the arrival process of LLC frames. MMPP has been extensively used in bursty traffic modeling since it is capable of capturing some of the important correlations between inter-arrival times and still remains analytically tractable ( [1] , [9] ). We use the asymptote of the index of dispersion for counts (IDC) [15] , I ∞ , as the burstiness measure of the arrival process of LLC frames (See Appendix A.2).
Second, we use a probability mass function (pmf) to model the segmentation from LLC frames to physical layer bursts. As described in Section II, an LLC frame will be segmented into a certain (integer) number of bursts on the physical layer depending on the current coding scheme [11] . Let us assume that the size of an LLC frame follows a pmf:
Clearly, l k > 0 for all k and k β k = 1. An LLC frame are carried by the payload of the physical layer bursts. The payload of each burst varies under different coding schemes. For example, a burst has 181 bits payload under the CS-1 scheme using half-rate convolutional code and 428 bits payload under the CS-4 scheme that does not have error correct coding. It suggests that the pmf for LLC frame size depends on the coding and segmentation scheme. So, if we assume that the scheme of coding and segmentation is static, their impact can be accounted by choosing a proper pmf of the LLC frame size.
C. The simplified capture model
As described in Section II, a slotted-ALOHA random access mechanism is used for the uplink reservation. In a system without capture capability, if there are more than one MSs contending in one slot, collision occurs and no "winner" will be picked by the BSS. However, a capture-enabled BSS will be able to "capture" an MS even in the presence of multiple contenders. It is observed that capture may improve system capacity significantly [18] . However, the gain is at the price of additional processing delay [3] . In this study, we assume that processing delay imposed by capture on BSS is negligible in order to simplify the analysis. We follow the simplified capture model suggested in [2] . In [2] , the probability that a contention initiated by an MS is successful is a function of the number of MSs contending in one slot, denoted by n c (n c > 1). The capture probabilities, κ(n c ), is given in Table I (as in [2] ). For a system without capture, κ is 1 if only one MS contends and κ = 0 otherwise.
Let p c be the persistence probability that an MS with data to send contends in one GSM slot 1 . Let n c denote the number of MSs that have data to send without established TBF. So, the probability that the contention is successful with exactly one winner chosen by the BSS out of the n c MSs can be computed as
IV. THE SRN MODEL It would be a formidable task to construct the underlying stochastic model by hand for the GPRS system described in the previous sections. We thus resort to a powerful variant of stochastic Petri net formalism known as the stochastic reward nets (SRN). SRN modeling enables us to specify the model at a high semantic level [4] . After specification, the model can be solved by automated SRN tools, such as the widely-used Stochastic Petri Net Package (SPNP) [8] . SPNP accepts the specification of SRN models, explores the underlying stochastic process automatically and generates the corresponding numerical solutions. See Appendix A.3 for a brief overview of SRN.
For a system with a large number of mobiles, building an exact model requires exploring an intractably large state space, even with the help of SRN for SRN per se only eases the specification of the model but does not reduce the underlying state space. We therefore follow an approach that uses decomposition [7] and fixed point iteration [19] that will significantly simplify the modeling and consequently reduce computational cost in seeking numerical solution. Fig. 3 illustrates the stochastic reward net model for the GPRS system. The model consists of two parts: a sub-model of a tagged MS and the sub-model of the remaining (N − 1) MSs. The former is depicted in the upper part of Fig. 3 and the latter in the lower part. The two parts interact with each other through SRN entities and parameters used in fixed point iterations, which will be explained the following subsections.
A. The sub-model of the tagged MS
We now describe the sub-model of the tagged mobile station. The sub-model is depicted in the upper part above the dashed line in Fig. 3 .
We start with the left-most SRN constructs, place P on (depicted as a circle) and transitions t 01 and t 10 (depicted as unfilled bars) that represent the 2-state MMPP arrival process of LLC frames. Transitions t 01 and t 10 are called timed transitions, of which the firing times are exponentially distributed. Firing rates of transitions t 01 and t 10 are α 0 and α 1 corresponding to the auxiliary infinitesimal generator matrix Q defined in Section III-B. To ensure the LLC arrival process has only two states (to model the 2-state MMPP), we use the inhibitor arc (depicted as an arc with a small circle at one end attached to the affecting transition) from Place P on to transition t 01 to guarantee that P on is either empty or has one token. The firing of transition t Arr represents the arrival of an LLC frame. The firing rate of t Arr , λ Arr , is marking dependent in Petri net terms, i.e., depending on the numbers of tokens in places. In this case, λ Arr is determined by whether or not the place P on has token:
where λ 0 and λ 1 are the rates assigned to the two states of the MMPP as defined above. P on represents the number of tokens in place P on in the SRN terminology (See Appendix A.3). The firing of transition t Arr deposits one token into place P imm0 representing the arrival of an LLC frame. The immediate transitions (graphically represented as filled bars, which, in contrast to timed transitions, fires immediately if enabled, i.e., the firing time is zero) T immi 2 and T acci and places P immi (1 ≤ i ≤ L) are used to model the pmf of the LLC packet size defined in Section III-B. A token arriving at place P imm0 will have probability β i to enter place P immi of the i-th branch immediately. P queue is used to model the finite buffer on a mobile which holds the physical layer bursts from the segmentation of LLC frames. If the buffer does not have enough room to accommodate the arriving LLC frame of size l i , i.e., P queue + l i > W , the frame will be discarded. This causes the immediate transition T lossi to fire, representing the frame being dropped. Otherwise, immediate transition T acci will fire, representing the frame being accepted into the buffer. The contents (tokens) of the buffer P queue will increase by l i , since the cardinality of the arc from T acci to P queue is set to the size of the arriving LLC frame, l i (bursts). The blocking and accepting of a LLC frames are realized by guard functions (also called enabling functions) 3 that are summarized in Table  II .
The firing of transition t T rans represents the transmission of a burst, which removes one token in place P queue . Transition t T rans is enabled only when there is a token in P sq1 (described below), meaning that the TBF has been established (the MS has been admitted to the SQ). This is realized by the guard function of transition t T rans . The burst transmission rate µ T rans is determined by the interactions between all MSs and the BSS. We defer the derivation of transition rate of t T rans until Section IV-C.
So far, we have shown how the 2-level traffic model described in Section III-B and the finite buffer on the tagged MS are modeled in SRN. We now turn our attention to the modeling of contention-based reservation on the MS.
We use the transition t C1 to represent successful contention by the tagged MS and use places P aq1 and P sq1 to indicate whether a request by the MS is in AQ or SQ. The inhibitor arcs from places P aq1 and P sq1 to t C1 asserts that the two places can have no more than one token (i.e., if an MS has a granted request, it is either in AQ or SQ). The immediate transition T a2s1 between places P aq1 and P sq1 represents a request in AQ being accepted to SQ. The inhibitor arc from place P aq in the sub-model of (N − 1) MSs (along with the inhibitor arc from place P aq1 to immediate transition T mv ) is to model the FCFS discipline in AQ. We will revisit this in the following sections. An MS contends only when it has data to send without its request being accepted to AQ or SQ. This is modeled as the guard function of the transition t C1 as in Table II .
We now derive the firing rate of transition t C1 , λ C1 . Let n 1 indicate whether the tagged MS contends and n N −1 be the number of mobiles contending in the rest (N − 1) mobiles. The probability of a successful contention by the tagged MS can be given as n 1 
is the probability that contention is successful by one MS out of all the contending MSs (derived in III-C) and the first term n 1 /(n 1 + n N −1 ) is the probability that the tagged MS is the one contends successfully (with the assumption of homogeneity among all MSs). With the assumption for continuous-time approximation stated earlier, we can write the firing rate of transition t C1 as
where n 1 = 1{ P queue > 0 and P aq1 + P sq1 = 0} and n N −1 = P cont . Here 1{.} is the indicator function.
The firing of immediate transition T end represents the termination of a TBF, which occurs when the MS buffer is
The model of the rest of the (N-1) MS
T accL P queue t T rans
emptied, i.e., P queue = 0. The inhibitor arc from place P queue to transition T end prevents the established TBF (represented by a token in place P sq1 ) from being ended when the MS is not empty.
B. The sub-model of the remainder of the (N − 1) MSs
Unlike modeling the tagged MS on the burst level, we model the rest (N − 1) MSs at a higher level. The modeling is based on the observation that a mobile is in one of the following four states: 1) the state in which the MS has no data to send waiting for the arrival of new LLC frames (denoted as IDLE), 2) the state in which the MS has data to send without having established a TBF and is contending for radio resource (denoted as CON T ), 3) the state in which the MS has been allocated an access token by the BSS but still waits for entering the service queue to get TBF established (denoted as IN AQ), and 4) the state in which the MS has an established TBF (denoted as IN SQ). Hence we can use a closed queueing network to model the rest of the (N − 1) mobiles. This can be easily implemented as an SRN model with four places: P idle , P cont , P aq and P sq , the tokens in which represent the numbers of mobiles that are in the states of IDLE, CON T , IN AQ and IN SQ, respectively. At any given time, the total number of tokens in the model is (N − 1) . To account for the FCFS discipline in AQ, we split AQ into two parts, places P aq and P aq0 . Tokens in AQ can be divided into two sets, those who have entered AQ earlier than the token from the tagged MS and those who have entered later. We use place P aq to hold the "earlier" tokens and place P aq0 hold the "later" tokens.
The sub-model of the (N − 1) MSs is depicted in the lower part under the dashed line in Fig. 3 . Connecting the places described above are the transitions, t Act , t C , T mv , T a2s and t T erm . The firing of transition t Act represents an MS changing from state IDLE to CON T upon the arrival of new LLC frame(s). The firing of t C represents the event of one of the MSs in CON T state contends successfully and its request is accepted to AQ (i.e., state change from CON T to IN AQ). Similar to (3), the rate λ C of t C is determined as
The maximum number of requests that AQ can accept is A, i.e., P aq1 + P aq ≤ A must always hold. This is implemented by the guard function of transition t C . The immediate transition T mv is part of the FCFS implementation for AQ, which moves all tokens in place P aq0 (the "later" tokens) to P aq (when the request of the tagged MS is accepted to SQ 
C. Interactions between two sub-models
In this section, we describe the interactions between the submodel of tagged mobile and the sub-model of the rest (N − 1) mobiles. The two sub-models interact in two ways: (Type-1) the two sub-models interacts through SRN entities, and (Type-2) parameters (e.g., transition rates) of the two sub-models are determined by the state (marking) of one another, or both.
The interaction of Type-1 is described as follows. The SQ is split into two places, P sq1 in the tagged MS model and P sq in the model of the rest of the (N − 1) MSs. So is AQ, which is split into place P aq1 in the tagged MS model, and places P aq and P aq0 in the (N − 1) MSs model. The FCFS discipline employed by AQ is realized by the places described above, immediate transition T mv , and two inhibitor arcs crossing the dashed line in Fig. 3 : one from place P aq1 to transition T mv and one from place P aq to transition T a2s1 . Recall that place P aq holds the request tokens having arrived earlier than the request token from the tagged MS (in place P aq1 ) and place P aq0 holds the "later" tokens. The inhibitor arc from P aq to T a2s1 guarantees that the access token from the tagged MS being served after the"earlier" tokens in P sq . The token from the tagged MS in P aq1 prevents the "later" tokens in P aq0 from entering place P sq through the inhibitor arc from P aq1 to T mv , assuring the token of the tagged MS being served before the "later" tokens in P aq0 . Once the token of the tagged MS enters SQ (place P sq1 ), all tokens in place P sq0 move to place P sq immediately.
We now describe the interaction of Type-2, the coupling between the two sub-models through parameters in one submodel that are determined by the marking of the other submodel or both. The parameters involved are, (I) the firing rate of transition t T rans , µ T rans , (II) the firing rates of transitions t C and t C1 , λ C and λ C1 , respectively, (III) the firing rate of transition t Act , λ Act , and (IV) the firing rate of transition t T erm , λ T erm . Among them, λ C and λ C1 have been discussed in Sections IV-A and IV-B. We now derive the rest of parameters, µ T rans , λ Act and λ T erm . λ Act and λ T erm are the basis of the fixed point iterations.
1) The firing rate of transition t T rans , µ T rans We model the transmission of a burst as timed transition t T rans in Fig. 3 by assuming the time to transmit a burst is exponentially distributed. This is indeed a firstorder approximation to simply our analysis. Now that the time unit in the model is one GSM frame, the firing rate µ T rans of transition t T rans is the number of bursts transmitted in one GSM frame and is determined by the total number of ongoing TBFs i.e., the number of tokens in SQ, n = P sq1 + P sq . As introduced in Section II, the virtual SQ is in fact a discretized WRR queue. Since we have assumed that requests from all MSs demand the same number of channels (r), the SQ becomes a simple RR queue. If we assume the duration of a TBF is always significantly longer than one SQ round (which is always true when the system is busy), the transmission rate of each TBF can be approximated by process sharing (PS). So, µ T rans can be given as
where c is the number of PDCHs dedicated to GPRS data service and x is the function that rounds x to the nearest integers towards infinity. The first case nr ≤ c in (5) means that the total requested channels by all ongoing TBFs is less than the number of PDCHs and, as a result, each TBF transmits r bursts in one GSM frame. The second case (nr > c) is the one in which the serving round of SQ crosses the boundary of GSM frames and the average transmission rate is r/ nr/c in the long run (where nr/c is the number of GSM frames that a SQ round covers 
We note that T idle and T insq are, in general, not exponentially distributed, but again for a first-moment approximation (as we have done in the derivation of µ T rans ) we assume they are. Table II summarizes the guard and rate functions of the transitions in the model.
V. PERFORMANCE INDICES
Let S be the state space of the underlying CTMC of the SRN model presented in the previous section. Let π(m), m ∈ S be the steady-state probability of marking m (corresponding to a state of the CTMC). We will use p(m) to denote the number of tokens in the place p in marking m ∈ S. We consider steady-state performance measures on the LLC frame 
level (which are considered more useful in network design and optimization than measures on lower levels), (I) LLC frame blocking probability, P
LLC b
and (II) LLC frame delay, τ LLC . We also give expression for steady-state system utilization, U .
A. LLC frame blocking probability, P
LLC b
The well-known PASTA (Poisson Arrivals See Time Average) property [23] does not hold because of the MMPP arrival process. We can show ( [6] , Section 3.2) that P
can be given as
whereλ is the average arrival rate of LLC frames and is given asλ
an LLC frame is accepted to the MS buffer in marking m. The non-PASTA technique used here will also be applied in deriving the LLC frame delay.
B. LLC frame delay, τ
LLC
We define the LLC frame delay τ LLC as the response time experienced by an entering LLC frame, that is, the duration from the instance the LLC frame enters the MS buffer to the instance the first burst of the LLC frame being transmitted. By "entering", we mean that the LLC frame is accepted to the MS buffer, i.e., the MS buffer has enough space left to hold the whole frame, which is different from "arriving" for an arriving LLC frame may be dropped.
We now derive τ LLC , which consists of two parts. First, if an entering LLC frames "sees" that there is no TBF established for the MS, the frame will wait until a TBF is set up between the MS and the BSS. We call this delay access delay, denoted as τ ACCESS . Second, after the establishment of the TBF, the transmission of the LLC frame will not start until all bursts in front of it in the buffer are transmitted. This is the transmission delay, τ T RANS . Let P INSQ be the probability that an entering LLC sees an established TBF (i.e., a request token is accepted to SQ). We have
Let 
wherel T is the average number of bursts in front of the entering frame andλ T rans is average transmission rate of a TBF.l T is computed as
andλ T rans is given as
To complete the derivation, we need to give the expression for P INSQ . P INSQ is the probability conditioned on the event that the LLC frame is accepted to the MS buffer. Let P INSQ be the probability that (A) an LLC frame is accepted to the MS and (B) it sees a TBF is established for the MS. We can write P INSQ in terms of π(m), m ∈ S,
Therefore, P INSQ can now be simply given as
C. System utilization, U
We define system utilization U as the percentage of GPRS packet data channels (PDCHs) being used in average. U can be given as
where n(m) is the number of mobiles being served in SQ in marking m ∈ S. The first term in the parentheses 1{n(m)r ≥ c} means that if the total number of requested channels exceeds the number of available PDCHs in one GSM frame, because of the use of virtual SQ, all PDCHs are fully utilized (i.e., a 100% utilization). The second term 1{n(m)r < c}(n(m)r/c) accounts for the case in which not all the PDCHs are utilized by GPRS.
System throughput is simply the product of system utilization and packet data transmission rate in one GSM slot if the number of PDCHs is fixed (as assumed in this study). 
VI. COMPUTATIONAL PROCEDURE
It is easy to see that the solution of the model is equivalent to find the fixed point of a multi-dimensional function which maps the steady-state probabilities, π(m), m ∈ S to the transition rates of λ Act and λ T erm given in (6) and (7). We now introduce the iterative procedure that is used to seek the steady-state probabilities of the model and the performance indices. The procedure consists of the following steps.
• Step-1: Initialization. This step is to initialize the general parameters listed in Table III and set initial guesses for the fixed point parameters listed in Table IV . It is important to note that the exploration of the state space S for the underlying CTMC from the SRN model is involved in seeking the numerical solution in Step-2. However, since the reachability graph (the structure of the CTMC) 4 remains unchanged, the iterations can be programmed to execute statespace exploration only once without invoking it in every iteration for computational efficiency.
Quantitatively, convergence is achieved in our numerical investigations. Conditions for the existence of a fixed point may be found in [19] . Whether these conditions applied to our case with multi-dimensional function remains to be verified. And the proof of a unique solution is considered as a harder problem. We leave the proofs to our future research.
VII. NUMERICAL RESULTS AND DISCUSSION
A. Default parameters
We present preliminary numerical results in this section. We consider a system that has 4 packet channels (c = 4). A mobile has a buffer that holds up to 100 bursts (W = 100). Once an MS has data to send, it will contend for access with persistence probability p c = 0.1 as default.
We consider three pmfs of LLC frame size, which are discretized (and normalized) from continuous 3-stage Erlang, exponential, and uniform distributions as shown in Fig. 4 . We may also vary the mean frame size (l) while maintaining the same traffic intensity. We will especially considerl = 15 or 25 bursts. For simplicity, we will refer to the three profiles as ERL, EXP and UNI.
The on-period LLC arrival rate is set to be close to unity (λ 1 = 0.99) and off-period arrival rate is assumed to very low (λ 0 = 0.1). Traffic generated on a mobile has an average off-period of (α The size of access queue is set equal to the total number of users as default, i.e., A = N . The maximum number of mobiles that the serving queue (SQ) can serve is c, i.e., N MS = c.
B. SRN model accuracy
To verify the accuracy of the proposed SRN model, we compare results from discrete-time simulation and the numerical solution of the SRN model. As mentioned earlier, in the discrete-event simulation, the slotted nature of the real system is strictly preserved. , τ LLC and U match very well. More comparisons (not presented due to space limitation) confirm the same observation. This allows us to use the proposed SRN model to investigate GPRS packet data performance against various system parameters.
C. Effect of traffic profile
Fig. 5 not only shows the accuracy of the SRN model but also reveals how significant the impact of traffic profile can be on performance. From Fig. 5 , we can see that the system has the best performance (lowest LLC frame blocking and shortest LLC frame delay) with the EXP traffic input. To have a closer look, we put SRN curves of the three profiles together in Fig.  6 for two different mean sizes of LLC frames,l = 15 and 25 bursts. Parameters (α 0 , α 1 ) are chosen such that the traffic intensity (λl) remains the same for both average frame sizes. Fig. 6 shows that the difference of P
LLC b
between the two means (up-left versus bottom-left) is rather negligible for a certain traffic profile. However, the larger mean size (l = 25) causes longer LLC frame delay when more mobiles are present in the system. The implication of the above observation to protocol design is that segmenting network layer PDU into smaller LLC frames tends to improve performance. We note The persistence probability (for all MSs) Variable αi (i = 0, 1)
The transition rates from state 0 to 1 and from Variable state 1 to 0 of LLC arrival (2-state MMPP) λi (i = 0, 1)
The arrival rates of LLC packets at states 0 and 1
The pmf of LLC packet size: the probability that an Variable  (k = 1, .., L) arriving LLC packet has l k bursts is β k r(r ≥ 1)
The number of channels assigned to each request that since segmentation may also incur overhead (headers or tails onto low layer data units), a trade-off needs to be carefully pursued. Also shown is that, for a certain number of mobiles (N ), ERL has the largest P
, EXP the least and UNI in-between. LLC frame delay τ LLC curves of all the three profiles are close when N is small (N < 11). The delays of ERL and UNI become increasingly longer than the delay of EXP when increasing N . This observation holds for both mean sizes, l = 15 andl = 25. This may be explained by recalling that in queueing theory that variance of service time affects average waiting time, of which a special case is the wellknown Pollaczek-Khinchin formula (see, for example, pp340-341 in [21] ).
D. Effect of traffic burstiness
It is expected that GPRS traffic is bursty in nature. We would like to examine how traffic burstiness affects performance. As mentioned above, we use index of dispersion for counting (IDC) [15] , I ∞ , of the 2-state MMPP as the indicator of burstiness of LLC frame arrivals.
In Fig. 7 , we plot P
LLC b
(left), τ LLC (middle) and U (right) against I ∞ for a system with N = 13 mobiles. For meaningful comparison, while increasing I ∞ , we maintain the same traffic intensity on each mobile. As a result, the average on-period increases proportionally to I ∞ − 1 (explained in Appendix A.2). Detriment to blocking and system utilization by burstiness can be clearly seen from the plots: P LLC b increases and U drops sharply when I ∞ increases from 1 to 10. As a useful baseline, the arriving process becomes a Poisson stream when I ∞ is reduced to 1. Interestingly though, LLC frame delay τ LLC decreases(!) gradually. This may be explained by the fact that the expended on-period causes more blocking that keeps arriving frames from being accepted to the buffer and thus reduces the number of queued bursts to be transmitted. The negative impact of traffic having stronger burstiness onto blocking may be alleviated by traffic shaping techniques to smooth it out.
E. Effect of request size (r)
It would be interesting to see how channel requests r by a multi-slot-capable mobile will affect system performance. In the proposed model, we have assumed that each mobile contends to reserve the same number of channels, r. , τ LLC and U for three different requests: r = 1, 2, and 4 with the EXP traffic having a mean frame size of 25 bursts. From the plots, we see that r = 4 gives the best performance, r = 1 the worst and r = 2 in-between. The difference diminishes when more mobiles are present in the system.
To have a closer look at the results, we also look at the times spent in different phases. Fig. 9 shows the sojourn times of an MS in state CON T , IN AQ, IN SQ (denoted by τ CONT , τ INAQ and τ INSQ , respectively). We see that for all requests (r = 1, 2, and 4), when N is less than 10, the time of having a TBF transmitting queued bursts (being in state IN SQ), τ INSQ , is the major part of LLC frame delay, but when more mobile are present, the waiting time in AQ (τ INAQ ) dominates. We also observe that, for request r = 4, τ INSQ is shorter than that of r = 1 and 2. It may be explained by the fact that, under the same traffic load, a TBF with more requested channels transmits data faster and the TBF lasts a shorter period. This suggests that the GPRS system works better with multi-slot mobiles than single-slot ones.
F. Effect of AQ and SQ
The contention is usually the bottleneck of an ALOHAbased system, but it is not the case a GPRS system using access queue. Fig. 9 shows that τ CONT indeed accounts for a very small portion of the LLC frame delay τ LLC and appears to be constant even when increasing the number of mobiles. This is mainly due to the existence of AQ and the capture capability of the system. The former reduces excessive contentions by granting access tokens to MSs. The latter increases the chance of successful contention. To better understand how significant a role AQ plays, we also we plot P
LLC b
and τ LLC against AQ size (A) and also break τ LLC down as we did in Fig. 10 . We see that P
and τ
LLC
drop drastically when AQ size increases to 9. When A < 9, τ CONT dominates LLC frame delay τ LLC . After the AQ size reaches 9, τ INAQ becomes the most important factor as we have observed in Fig. 9 .
From the implementation point of view, the cost of increasing AQ size is very minor. One can always make the AQ size comparable to the number of MSs in the system, which, as we have seen, can significantly reduce contention delay. With the use of AQ, the limited packet data channels and their limited transmission rate become the bottleneck that keep active MSs waiting in AQ from entering SQ. Because of space limitation, we have omitted the results for different persistence probabilities, p c . Unsurprisingly, the results confirm that the improvement by varying persistence probability (p c ) is not significant.
We also want to see how the SQ parameter N MS may affect performance. In Fig. 11 , for r = 4, we plot P
LLC b
, τ LLC and U against the number of mobiles (N ) for N MS = 1, 2 and 3. Although the three curves appear close, it can be seen that, with the given traffic load, a system with a larger SQ may be able to lower LLC blocking probability and reduce LLC frame delay and improve system utilization. 
VIII. CONCLUSION
We have constructed a continuous-time analytical model that captures the major features in GPRS uplink packet data transfer. The model takes the following factors into account: (I) the traffic profile (including the burstiness of LLC frame arrivals and the distribution of an LLC frame size); (II) the system's capture capability and a mobile's persistence in contention; (III) the multi-slot capability of a mobile; (IV) the presence of the access queue and the round-robin serving queue. We have specified the model in stochastic reward nets (SRN) and solved it numerically. We also have built a discreteevent simulation which has been used to confirm the accuracy of our model. The proven accuracy of our model has enabled us to investigate performance with regard to a variety of system parameters. We have observed interesting properties that are useful to GPRS/EGPRS designing and implementation.
We note that, although the model provides an efficient way to conduct performance evaluation than simulation, solving the model numerically is still not trivial when the number of mobiles in the system increases. With the observations made in this study, it is strongly believed that further simplification on the model is possible and thus will speed up the solution process. The model is also applicable to the Enhanced Data rates for Global Evolution (EDGE) system, which is under investigation now. Further study may include incorporating the retransmission behavior on the RLC and LLC layers and C. The holding time of condition C ( [7] ) is defined as
where π s is the steady state probability of state s and λ st is the transition rate from state s to t. A handy function, hold cond(), is defined in SPNP to compute holding times that allows conditions to be defined as marking-dependent. The idea behind this measure is to aggregate a large Markov chain into a two-state process which normally is not a Markov chain. The two-state Markov chain whose transition rates are 1/T (C) and 1/T (C) is an approximate representation.
APPENDIX II A2: INDEX OF DISPERSION
The asymptote of the index of dispersion for counts (IDC) of a 2-state MMPP was given as ( [15] ),
I ∞ is used as the burstiness measure of the 2-state MMPP arrival process (the LLC frame arrival process in this paper).
Note that I ∞ = 1 when the MMPP degrades to a Poisson process (λ 0 = λ 1 ). Now let the average arrival rateλ be fixed, that is,λ
If λ 0 and λ 1 are fixed also, we can determine α 0 and α 1 by solving the two equations (13) and (14) . Clearly, from (14) ,
. Thus, we have
Sinceλ, λ 0 and λ 1 are all fixed, it is clear from (15) and (16) 1 ), the average durations of off-period and on-period. It follows simply that the average on-period can be used as the indication of burstiness.
APPENDIX III A3: A BRIEF INTRODUCTION TO SRN
We give a brief overview of stochastic reward nets (SRN) in this section. A detailed and formal introduction can be found in, for example, [4] . Tutorial materials on SRN are also available online (http://www.ee.duke.edu/∼kst).
A Petri net (PN) is a directed graph with two disjoint types of nodes: places and transitions. A directed arc connecting a place (transition) to a transition (place) is called an input (output) arc of the transition. A positive integer called multiplicity can be associated with each arc. Places connected to a transition by input arcs are called the input places of this transition, and those connected by means of output arcs are called the output places. Each place may contain zero or more tokens. A transition is enabled if each of its input places has at least as many tokens as the multiplicity of the corresponding input arc. A transition can fire when it is enabled, and upon firing, a number of tokens equal to the multiplicity of the input arc is removed from each of input places, and a number of tokens equal to the multiplicity of the output arc is deposited in each of its output places. The state of a Petri net is characterized by a number of tokens in each place which is called its marking. The initial number of tokens assigned to the places in a Petri net determines the initial state (marking) of the net.
Stochastic Petri nets (SPN) are Petri nets where exponentially distributed firing time is attached to each transition. In Generalized Stochastic Petri nets (GSPN), transitions are allowed to be either timed (exponentially distributed firing time) or immediate (zero firing time). A marking of a GSPN is called vanishing if at least one immediate transition is enabled in the marking and tangible otherwise. GSPN also introduces inhibitor arc connecting a place to a transition. A transition with an inhibitor arc can not fire if the input place of the inhibitor arc contains more tokens than the multiplicity of the arc.
Stochastic reward nets (SRNs) are based on GSPN but extend them further. In SRN, every tangible marking can be associated with a reward rate. It can be shown that an SRN can be mapped into a Markov reward model. Therefore, by using software packages ( [4] , [8] ), the underlying Markov reward model of an SRN can be automatically generated and solved. Thus a variety of performance measures can be specified and calculated using a very convenient formalism. SRN also allows several other features that makes specification convenient: (1) each transition may have an enabling function (also called a guard) so that a transition is enabled only if its (marking dependent) enabling function is true, (2) marking dependent arc multiplicities are allowed, (3) transitions can also have priorities. To represent an SRN as a graph, places are represented by circles and tokens are black dots (or integers) inside places. Immediate transitions are drawn as thin bars and timed transitions as white boxes. Inhibitor arcs have a small hollow circle instead of arrows at their terminating ends. The current number of tokens in place p is denoted as p.
